AD-A157  776  APPLICATION  OF  PASTERNAK  MODEL  TO  SOME  SOIL-STRUCTURE  1/1 
INTERACTION  PROBLEM  .  <U)  KERR  (ARNOLD  D)  WILMINGTON  DE 
A  D  KERR  MflV  85  WES/TR/K-85-i-VOL-l  DACW39-85-M-1533 
UNCLASSIFIED  F/G  13/13  NL 


AD-A157  776 


^  ?  .--'i  i1  v 1  fj  to  i  *v  v  i- Tnmm  m  !Pf  jw  iw  iws  w  r^.1 .  w  i wun*  i Ai  rr  ns  m ^ 1 


US  Army  Corps 
of  Engineers 


:  CHNlCAi.  RTF  ;. 'O'  K  ' 


APPLICATION  OF  PASTERNAK  MODEL 
TO  SOME  SOIL-STRUCTURE 
INTERACTION  PROBLEMS 


Volume  I 

SOLUTIONS  FOR  PLATES  CONTINUOUSLY 
SUPPORTED  ON  A  PASTERNAK  BASE 


by 

Arnold  D.  Kerr 
903  Overbrook  Road 
Wilmington.  Delaware  19807 


IJ.  fHVHI I 

i;  T 


I 


,J8 

\V 


s-\ . 


(2i 


z 


%,X  -v  .0 


May  1985 
Final  Report 


O'-;'- 


s 


DTIC 

ELECTE 


JUL1  9  685 


•  nr- PART  ME  NT  OF  THE  ARMY 
Ur">  A on v  Co!  i  ;.)1  Engineer?. 

Wrap  mo ‘on  [)0  90314-1000 

:  L ■ ;  n  t  •  n  f  I  No  D  A  C  W  1 9  8 1  *  -  M  1 r '•> .  i ■’ 

Aiitomat'on  Technology  (  '<  n;»-i 
f  '•  ]  :!"■:?'  Watt  ways  I  xpn'^i'-n;  Otal- 

-  1  /it  -  1 >i i f rj  M ' '  ' ■ 1  y - : | '' [ h  -  n  -o 

6  u  o  u 


Destroy  this  report  when  no  lonqer  needed.  Do  not  retort 
•  ‘  [tit-  originator. 


The  (  'idTigs  n  this  report  are  not  to  be  const- oed  as  an  o‘* 
Depa’ tn'.e'it  of  the  Army  position  unless  so  designated 
fry  other  authorised  documents. 


Unclassified 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  <•»*»/!  Data  Entered) 


REPORT  DOCUMENTATION  PAGE 

READ  INSTRUCTIONS 

BEFORE  COMPLETING  FORM 

1.  REPORT  NUMBER 

Technical  Report  K-85-1 

3#  REGIMENT'S  CATALOG  NUMBER 

m 

4.  TITLE  (and  Subtttla) 

APPLICATION  OF  PASTERNAK  MODEL  TO  SOME  SOIL- 
STRUCTURE  INTERACTION  PROBLEMS;  Volume  I: 

Solutions  for  Plates  Continuously  Supported 
on  a  Pasternak  Base 

S.  TYPE  OF  REPORT  &  PERIOD  COVERED 

Final  Report 

6.  PERFORMING  ORG.  REPORT  NUMBER 

7.  AUTHORf.J 

Arnold  D.  Kerr 

8.  CONTRACT  OR  GRANT  NUMBERfaJ 

Contract  No.  DACW  39- 
83-M-1533 

9.  PERFORMING  ORGANIZATION  NAME  AND  AODRESS 

Dr.  Arnold  D.  Kerr 

903  Overbrook  Road 

Wilmington,  Delaware  19807 

10.  PROGRAM  ELEMENT.  PROJECT,  TASK 
AREA  A  WORK  UNIT  NUMBERS 

It.  CONTROLLING  OFFICE  NAME  ANO  ADDRESS 

DEPARTMENT  OF  THE  ARMY 

US  Army  Corps  of  Engineers 

Washington,  DC  20314-1000 

12.  REPORT  OATE 

May  1985 

13.  NUMBER  OF  PAGES 

27 

14.  MONITORING  AGENCY  NAME  6  AOORESSf/f  dllterant  from  Controlling  Olllca) 

US  Army  Engineer  Waterways  Experiment  Station 
Automation  Technology  Center 

PO  Box  631,  Vicksburg,  Mississippi  39180-0631 

15.  SECURITY  CLASS,  (ol  thle  report) 

Unclassified 

1S«.  DECLASSI  F|  CATION/ DOWN  GRADING 
SCHEDULE 

16-  DISTRIBUTION  STATEMENT  (ol  thle  Report) 

Approved  for  public  release;  distribution  unlimited. 

17.  DISTRIBUTION  STATEMENT  (of  the  abatrmct  entered  In  Block  20.  II  dlllerent  from  Report) 

16.  SUPPLEMENTARY  NOTES 

Available  from  National  Technical  Information  Service,  5285  Port  Royal  Road, 
Springfield,  Virginia  22161. 

19.  KEY  WOROS  (Continue  on  tevetee  tide  II  neceeeary  and  Identify  by  block  number) 


Foundations  (LC) 

Pasternak  foundation  model  (WES) 

Plates  (Engineering)  (LC) 

Soil  mechnaics  (LC) 

Structural  engineering  (LC) 

1 20.  ABSTRACT  (Continue  eee  reeaeea  etga  ft  nacemeery  mad  I  dent  tie  by  block  number) 

This  study  is  reported  in  two  volumes  concerning  the  analyses  of  continu¬ 
ously  supported  structures  and  their  foundation  responses. 

Volume  I  presents  the  research  for  the  Pasternak  Base  support  and  uti¬ 
lizes  it  for  solutions  in  situations  arising  with  structures.  Solutions  are 
offered  for  a  variety  of  plates  subjected  to  the  different  loading  conditions 
occurring  in  the  design  of  such  structures. 

(Continued) 


DO  , 


FORM 
JAM  73 


1473 


EDITION  OF  I  NOV  63  IS  OBSOLETE 


Unclassified 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  (Whan  Data  Entered) 


_ Unclassified _ 

SECURITY  CLASSIFICATION  OT  THIS  PAGEfWhjn  Dmtm  Bntmnd) 


20.  ABSTRACT  (Continued). 


Volume  II  similarly  gives  methods  of  parameter  determination  of  founda¬ 
tion  models  for  use  in  supported-structure  analyses.  Four  methods  for  deter¬ 
mining  these  parameters  are  discussed  in  detail. 


Unclassified 

SECURITY  CLASSIFICATION  of  This  PAGEflFhen  Dmtm  Entmrmd) 


PREFACE 


This  study  developed  into  a  report  of  two  volumes  dealing  with  soil- 
structure  interaction  models.  Volume  I  presents  a  Pasternak  Base  model  and 
its  use  for  design  of  hydrotechnical  structures.  Solutions  are  given  for  a 
variety  of  plates  with  loadings  that  are  common  with  structures  designed  by 
the  Corps  of  Engineers.  The  Pasternak  foundation  model  is  labeled  a  two- 
parameter  model  since  two  independent  parameters  control  the  behavior  of  the 
model.  The  two  parameters  are  dependent  on  the  physical  properties  of  the 
foundation . 

Volume  II  discusses  criteria  for  selecting  suitable  foundation  models. 

It  presents  thoughts  on  different  procedures  for  choosing  the  independent 
parameters  for  any  soil-structure  interaction  model. 

Dr.  Arnold  D.  Kerr,  P.E.,  Wilmington,  Delaware,  prepared  the  report 
under  Contract  No.  DACW  39-83-M- 1533 .  The  work  in  producing  this  report  was 
accomplished  with  funds  provided  to  the  US  Army  Engineer  Waterways  Experiment 
Station  (WES),  Vicksburg,  Miss.,  by  the  Civil  Works  Research  and  Development 
Program  of  the  Office,  Chief  of  Engineers  (OCE) ,  under  the  Soil-Structure  In¬ 
teraction  (SSI)  Studies  Project  of  the  Structural  Engineering  Research  Program 
Work  Unit. 

Dr.  N.  Radhakrishnan,  Chief,  Automation  Technology  Center  (ATC) ,  coor¬ 
dinated  and  provided  objectives  for  the  work.  Dr.  Robert  L.  Hall,  Research 
Group,  Scientific  and  Engineering  Application  Division,  ATC,  monitored  the 
work  and  Mr.  Donald  R.  Dressier  was  the  point  of  contact  in  OCE. 

Commanders  and  Directors  of  WES  during  the  research  and  publication  of 
this  report  were  COL  Tilford  C.  Creel,  CE,  and  COL  Robert  C.  Lee,  CE.  Techni¬ 
cal  Director  was  Mr.  F.  R.  Brown. 


CONTENTS 


PREFACE  . 

PART  I:  INTRODUCTION  . 

Background  . 

Purpose  and  Scope  . 

PART  II:  ANALYTICAL  FEATURES  OF  THE  PASTERNAK  FOUNDATION  MODEL 

Line  Load  . 

Distributed  Load  . 

Arbitrary  Load  . 

PART  III:  PLATES  AND  STRIPS  . 

Long  "Rigid"  Plate  Strip;  Symmetrically  Loaded  . 

"Rigid"  Circular  Plate;  Centrally  Loaded  . 

Long  "Rigid"  Strip;  Eccentrically  Loaded  . 

Circular  "Rigid"  Plate;  Eccentrically  Loaded  . 

Infinite  Plate  Subjected  to  a  Line  Load  . 

Infinite  Plate  Subjected  to  a  Uniform  Load  . 

Semi-infinite  Plate  Subjected  to  a  Uniform  Load  . 

Long  Strip  Subjected  to  a  Uniform  Load  and  Boundary  Forces 
Other  Related  Problems  . 

REFERENCES  . 


APPLICATION  OF  PASTERNAK  MODEL  TO  SOME  SOIL- STRUCTURE  INTERACTION  PROBLEMS 


SOLUTIONS  FOR  PLATES  CONTINUOUSLY  SUPPORTED* 

ON  A  PASTERNAK  BASE 

PART  I :  INTRODUCTION 
Background 

1.  Hydrotechnical  structure  design  plate  problems  are  the  basis  for 
this  study,  and  their  solutions  are  presented  and  discussed.  The  analysis  of 
continuously  supported  structures  (for  example,  beams,  plates,  and  shells) 
requires  the  inclusions  of  the  foundation  response.  The  simplest  representa¬ 
tion  of  the  foundation  response  was  suggested  in  1867  by  E.  Winkler,1  when  he 
assumed  that  the  contact  pressure  and  the  deflection  at  a  point  on  the  base 
surface  are  proportional.  Thus,  for  a  two-dimensional  plane  surface  repre¬ 
sented  by  the  x,y  coordinate  system,  the  response  expression  is 

P(x,y)  =  k  w(x,y)  (1) 

where  k  ,  the  proportionality  coefficient,  is  often  referred  to  as  the  foun¬ 
dation  modulus. 

2.  This  simple  model,  although  useful  for  many  structural  and  geotech¬ 
nical  engineering  analyses,  exhibits  shortcomings,  especially  along  the  "free" 
boundaries  of  the  structure.  The  situation  created  a  need  for  the  development 

of  more  accurate  pressure-displacement 

relations.  A  number  of  these  models  were 

2 

discussed  by  the  author  in  1964  and  more 

3 

recently  by  A.  P.  S.  Selvadurai. 

3.  At  present  there  is  general 

4 

agreement  that  the  Pasternak  foundation 
model,  shown  in  Figure  1,**  is  the  next 


*  Research  supported  by  the  US  Army  Engineer  Waterways  Experiment  Station, 
Vicksburg,  Miss.  39180. 

**  The  Pasternak  foundation  model,  consisting  of  a  shearing  layer  and  a 

spring  layer,  was  introduced  by  the  author  in  1964  to  facilitate  the  deriva 
tions.  The  original  model  presented  by  Pasternak  (1954)  does  not  contain  a 
shearing  "layer";  the  derivation  presented  is  of  questionable  validity  but 
the  obtained  response  expression  is  correct. 


order  generalization  of  the  Winkler  model.  Its  response  expression  is 


P(x,y) 


k  w(x,y) 


G  V2 w(x,y) 


(2) 


where  V2  =  (32/3x2  +  32/3y2)  is  the  Laplace  operator. 

4.  A  continuously  supported  thin  elastic  plate  (Figure  2)  is  governed 
by  the  partial  differential  equation 


D  V^w  +  p(x,y)  =  q(x,y)  (3) 

When  the  base  response  is  represented 
by  the  Pasternak  model,  Equation  2, 

Equation  3  becomes 


D  V  w  -  G 


V2  w 


+  kw 


q  (4) 


where  D  =  Eh3/ (12(1  -  v2)]  . 

This  differential  equation  is  identical  to  the  response  equation  of  a  plate  on 
a  Winkler  foundation  that  is  stretched  by  a  uniform  force  field  N  =  G  . 


Purpose  and  Scope 

5.  In  the  following  parts,  solutions  for  plate  problems  governed  by 
Equations  2  and  4  will  be  presented.  Emphasis  is  placed  on  problems  that 
occur  in  the  design  of  hydrotechnical  structures,  beginning  with  a  brief  dis 
cussion  of  the  analytical  features  of  the  Pasternak  foundation  model.  These 
features  will  be  needed  for  the  solution  of  some  of  the  plate  problems. 


PART  II:  ANALYTICAL  FEATURES  OF  THE  PASTERNAK  FOUNDATION  MODEL 


Line  Load 


its  solution  is,  noting  the  regularity 


6.  When  p(x,y)  repre¬ 
sents  a  line  load  P  along  the 
y-axis,  as  shown  in  Figure  3, 
w  =  w(x)  and  Equation  2  reduces 
to 

d2w  2 
dxZ 

where 

2  k  ,, 

“  =  c  (6 

conditions  for  w(x)  as  x  -*  ±°°  , 


w(x) 


Pa  -ax 
2k  e  1  1 


-00  <  X  <  +0° 


(7 


Thus,  the  Green's  function  for  any  position  £  of  the  line  load  P  is 


K(x;4)  =  §£  e"° 


x-C 


(8) 


Note  that  the  obtained  deflection  of  the 


p 


foundation  surface  is  nonoscillatory . 
The  line  load  P  causes  a  dis¬ 
continuity  in  the  slope  of  the 
shear  layer,  dw/dx  ,  along  P  , 
as  shown  in  Figure  U.  This  phe¬ 
nomenon,  which  does  not  occur  in 
the  classical  plate  bending  the¬ 
ory,  will  be  of  importance  when 
considering  plates  with  free 
edges . 


Distributed  Load 


7.  Superposition  can  be  used  to  obtain  deflections  of  the  foundation 


surface  that  are  caused  by  a  dis¬ 
tributed  load  p(x)  .  Setting 
P  =  p(£)A£  and  integrating  over 
the  loaded  interval,  as  shown  in 
Figure  5,  we  obtain 

w(x)  =  |jj ^  f  p(4)  e  “|X  d£  (9) 
-a 


Arbitrary  Load 


8.  For  an  arbitrary  load 
distribution  on  the  foundation 
surface,  the  necessary  Green's 
function  is  obtained  from  the 
solution  of  a  concentrated 
force  P  acting  at  the  origin 
of  the  coordinate  system  (Fig¬ 
ure  6).  Because  of  the  ex¬ 
pected  rotational  symmetry 
w  =  w(r)  ,  Equation  2  reduces 
to 


Figure  6 


.2 

d  w 


dr 


dw  2  2  _ 
„  +  r  —  -  arw  =  0 
2  dr 


(10) 


9.  The  general  solution  of  Equation  10  is 


w(r)  =  A  K  (ar)  +  A  I  (or)  (11) 

lo  L  o 

where  K  and  I  are  modified  Bessel  functions.  Noting  the  regularity 
o  o 

conditions  at  r  ■*  »  ,  and  the  vertical  equilibrium  at  P  ,  we  obtain 

w(r)  =  K  r  >  o  (12) 

2ttG  o 


Thus,  the  Green's  function  for  the  three-dimensional  foundation  is 


6 


11.  The  load  on  the  plate  strip  consists  of  the  uniform  distribution 
(for  example,  own  weight  and 

weight  of  water  above  it)  and  two 
line  loads  F  along  the  edges 
(representing  the  weight  of 
walls),  as  shown  in  Figure  8. 

12.  Because  of  the  symmetry 
of  the  load  we  assume  that  the 
strip  is  subjected  to  a  central 
line  load 


P  =  q  2L  +  2F 


(16) 


Figure  8 


per  unit  length  of  strip  axis,  as 
shown  in  Figure  9. 

13.  The  deformed  state  of  the  foundation  is  shown  in  Figure  9.  Under 
the  strip,  *L  <  £  <  L  , 


w  =  w  =  constant  (17) 
s 


Outside  the  strip  the 
unloaded  foundation  is 
governed  by  the  differ¬ 
ential  equation 


-G  w"  +  kw  =  0  0  <  x  <  oo  (18) 

and  the  boundary  conditions 

w(0)  =  w 


Figure  9 


1  im 
x-*» 


{w  j  -»  finite 


(19) 


8 


41.  The  contact  forces  at  the  plate-foundation  interface  (x  >  0)  con 
sist  of  the  distributed  pressure 

p(x)  =  kw2(x)  -  Gw2  (x) 

2 

2  2  2  2  2 

orG  {2k  cos  px  +  ( ( K  -  p  )/p  -  (k  t  p  )  /  (pa  )]  sin  px}e 

_  ^  I  ’  °  2  2  2  2  2 

(k  +  p  )  +  (k  +  p  +  2ko)  G/D 

0  <  x  <  » 


and  the  line  reaction  force  along  the  free  edge  (x  =  0) 


=  c|wj  (0)  -  w2  (0)] 


=  <T  "  - 


(k2  +  p2  +  2koQ  G/D 


(k2  +  p2)  +  (k2  +  p2  +  2kct)  G/D 


The  bending  moments  in  the  plate  are 


0 


M  (x)  =  -Dw"  (x)  =— 
X  oc 


2  2  -KX 

K  t  p  sin  px  e 


^K2  +  p2^  +  ^K2  +  p2  +  2ko^  G/D 


My(x)  =  v  M^Cx) 


0 


(8< 


42.  The  distribution  of  the 
reaction  forces  and  bending  moments 

is  shown,  schematically,  in  Figure  24. 

43.  Note,  that  if  base  is 
modeled  as  a  Winkler  foundation  the 
corresponding  results  are: 

qQ 

w(x)  =  —  =  constant 

p(x)  =  =  constant 

M  (x)  =  0  ;  M  (x)  =  0 
x  y 


Figure  24 


wT(x)  =  Axe  UA  +  A2eUA 


-oo  <  x  <  0 


w  (x)  =  e  (A-  cos  px  +  A,  sin  px)  +  e  (A  cos  px  +  A,  sin  px)  + 


0  <  x  < 

=  =00 


where,  according  to  Equation  66, 


/  nr+  _9 

\\4D  "  4D 


Because  of  the  regularity  conditions  in  Equation  77 


A1  =  A5  =  A6  =  0 


It  then  follows  from  the  conditions  in  Equation  76  that 


A2  =  A3  +  r 


„  qo  G 
-2ko  t— 


A3  = 


k  D 


,  2  2.  G  ,  2  2  _  » 

(k  +p)  +q(k  +  P  +  2ko) 


\  = 


,2  2,  Mo  G 

-(k  -  p  )  «  r  D 


(p2  +  K2)  +  ^  (k2  +  p2  +  2ko) 


> 


thus , 


Wj  (x) 


'-1 


2K 


(k2  +  p2)  +  (K2  +  P2  +  2ko)  G/DJ 


OfX 


w2(x)  =  r  < 


-oo  <  x  <  0  *“ 


2  2 

aG  {2k  cos  px  +  [(k  -  p  )/p]  sin  px}e 

1  "  d  2 

(K2  +  p2)  +  (k2  +  p2  +  2Ka)  G/D 


-KX 


0  <  x  <  +  00 


Semi-infinite  Plate  Subjected  to  a  Uniform  Load 


38.  Consider  the  semi¬ 

infinite  plate  problem  shown 
in  Figure  23.  Of  special  in¬ 
terest  is  the  distribution  of 
the  contact  pressure  and  the 
plate  bending  moment  in  the 
vicinity  of  the  free  edge  (for 
example,  along  the  free  edge  of  . 

a  highway  or  airport  pavement).  ' 

39.  The  formulation  of 
this  problem  consists,  noting 

that  w  =  w(x)  ,  of  the  differential  equations 


Figure  23 


-G  Wj  r  k  «j  =  0 

Sv  "G  w2  +  k  w2  =  \ 


-co  <  X  <  0 
0  <  X  <  CD 


the  boundary  conditions 


w^O)  =  w2(0) 


w£(0)  =  0 


Dw”  (0)  +  G  w^(0) 


-  w2  (0)J  = 


and  the  regularity  conditions 


lim{w^}  -*  finite 
X"*-00 


lim{w  }  -*•  finite 
x-xso 


40.  The  general  solution  is 


20 


ml ,2 ,3 ,4  =  1  \  2  4D  1 


Noting  that  (G/4D)2  -  k/4D  =  (G/4D  -  *Jk/ 4D)  (G/4D  +  -Jk/bD)  we  distinguish 
three  cases  when  G  =  2  JkD  .  For  plates  resting  on  a  soil  foundation  the  case 
G  <  2  -JkD  is  usually  of  interest.  For  this  case 


where 


ml,2,3,4  '  1<K  1  1P) 


-  -  - 
'4D  ~  4D 


(65’) 


and  the  general  solution  is 


w(x)  =  e  (Aj  cos  px  +  sin  px)  +  e  (A^  cos  px  +  A^  sin  px)  (67) 
33.  Because  of  the  regularity  condition,  Equation  62,  it  follows  that 


A3  =  A4  =  0  (68) 

Determining  A^  and  A^  from  the  boundary  conditions  in  Equation  61  and  sub¬ 
stituting  them  into  w(x)  ,  we  obtain  the  plate  deflection 

w(x)  =  - -  —  e  KX  (p  cos  px  +  K  sin  px)  (69) 

4«p  -JkD 

for  x  >  0  . 

34.  The  contact  pressure  between  plate  and  foundation  is  obtained  as 


p(x)  =  kw(x)  =  G 


The  corresponding  bending  moment  distribution  in  the  plate  is 


o  K^cra) 


The  procedure  for  determination  of  the  contact  reactions  is  similar  to  the 
one  used  in  the  previous  section. 


Infinite  Plate  Subjected  to  a  Line  Load 


31.  The  problem  shown 
in  Figure  20  is  symmetrical. 
Thus,  the  formulation  consists 
of  the  differential  equation 
for  w(x) 

Dw'v  -  G  w"+  kw  =  0  (60) 

in  0  <  x  <  00  , 

the  boundary  conditions 


W  (0)  -  0 


w"1  (0) 


JP 

2D 


(61) 


and  the  regularity  condition 


lim{w,w'}  -*  finite 
x-*» 

32.  The  solution  of  Equation  60  is  in  the  form 

w(x)  =  AemX 


Substituting  this  into  Equation  60,  it  follows  that  m  has  to  satisfy 


(62) 


(63) 


(64) 


The  four  roots  of  this  equation  are 


where 


2  2  9 

dr  r  dr  r  d6 


(52) 


the  boundary  condition 


w(a,0)  =  w  cos  0 
o 


and  the  regularity  condition 


lim{w}  -*■  finite 

r-*a> 


(53) 


(54) 


29.  Noting  Equation  53,  the  solution  is  assumed  to  be  of  the  form 


w(r,0)  =  W(r)  cos  0 


(55) 


Substituting  it  into  the  differential  Equation  51,  it  follows  that  this  equa¬ 
tion  will  be  satisfied  when  W  is  a  solution  of 


2  dV  dW  . 

.2  dr 
dr 


2  2 

a  r  )  W  =  0 


(56) 


in  a  <  r  <  oo  .  Setting  or  =  p  the  above  equation  becomes 


2  d2W  dW  ,,  2.  ,, 

p  72  +  p^-(1  +  p)W:° 

dp  K 


This  is  a  Bessel  equation.  Its  solution  is 


(57) 


W(r)  =  A1  1^ (or)  +  A2K1(ar)  (58) 

where  1^  and  are  modified  Bessel  functions  of  order  one. 

30.  For  large  r  values,  Ij  ~  ear /■Jlnar  .  Therefore,  according  to 
Equation  54,  A^  =  0  .  Boundary  condition  Equation  53  yields  A2  =  WQ/Kj(aa)  . 
Thus , 
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R  =  2  ,  (49) 

2Lll  +  aL  +  (aL)  /3 

where  M  =  Pe  .  Thus,  the  rotation  of  the  strip  and  the  contact  reactions  are 
expressed  in  terms  of  the  moment  M  and  the  strip  and  base  parameters. 

Circular  "Rigid"  Plate;  Eccentrically  Loaded 


27.  The  plate  problem  for 
consideration  is  illustrated  in 
Figure  18.  It  is  assumed  that 
the  eccentricity  is  sufficiently 
small  so  that  there  will  be  no 
separation  between  the  plate  and 
base.  Because  the  resulting  for¬ 
mulation  is  linear  the  solution 


consists  of  two  parts,  as  shown  in 

Figure  14.  Since  specifics  of  the  Figure  18 

centrally  loaded  plate  were  pre¬ 
sented  previously,  the  solution  for  the  plate  subjected  to  a  moment  M 
is  detailed  below. 

28.  Considering  the  de¬ 
formed  state  shown  in  Figure  19,  i _ a_ _ _ 

from  the  shaded  triangle  it 
follows  that 


w(r,0)  =  w  cos  0 
o 


for  0  <  r  <  a  and  0  <  0  <  2n 
The  unloaded  base  region  is 
governed  by  the  differential 
equation 


Figure  19 


-G  V2* 


+  kw  =  0 


a  <  r  <  00 


where 


24.  The  contact  pressure  under  the  strip  is 


(44) 


,2 

d  w 


p(4)  =  k  w  -  G 

S 


dr 


=  W  k  C/L 


(45) 


Considering  the  vertical  equilibrium  of  the 
shearing  layer  in  the  vicinity  of  £  =  L  ,  as 
shown  in  Figure  16,  it  follows  that  the  line 
reactions  along  the  free  edges  are 


R  =  G^(L)  -  w1  (0)] 


or 


R  =  G  WQ(1  +  0(L)/L 


(46) 


vsto+£) 


25.  In  order  to  express  w  in  terms  of  M  ,  we  consider  the  moment 


equilibrium  (per  unit  length  of  strip  axis),  as  shown  in  Figure  17.  It  is 


M  -  2RL  -  2  /  p(£)  i  di  =  0 


Noting  Equations  45  and  46  and  performing  the 
indicated  integration,  we  obtain 


1- - ± - - 

$ 

— -I 

Figure  17 


M 


°  2G|l  +  crL  +  (aL)2/3j 


(47) 


26.  Substitution  of  the  above  expression  into  Equations  45  and  46  yields 


p(4)  = 


or2M  1 

- 2  ^  L 

2  j  1  +  0(L  +  (orL)  /3 


[' 


(48) 
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J*  .  /  V  /  V 


'  -  ’’J'  r 


Figure  14 


It  is  assumed  that  the  eccentrically  loaded  strip  stays  in  contact  with  the 
base.  Thus,  there  is  no  partial  lift-off  from  the  base.  Since  the  solution 
for  the  centrally  loaded  strip  has  been  presented,  only  the  solution  for  the 
line  moment  M  will  be  dealt  with  in  the  following  text. 

22.  Consider  a  very 
long  strip  subjected  to  a 
line  momemt  M  .  The  corre¬ 


sponding  deformed  state  is 
shown  in  Figure  15.  Because 
of  the  anticipated  asymme¬ 
trical  deformations  only  the 
right  half  will  be  analyzed. 

23.  Under  the  strip, 
the  deflections  are 


Figure  15 


w  (4)  =  w 
s  c 


The  deflections  outside  the  strip  are  governed  by  the  boundary  value  problem 


.2 

d  w 

-G  |  +  kw  =  0 
dx^ 


w(0)  =  w 


0  <  x  <  o° 


lim  {w}  ■*  finite 


The  solution  is 


w(x)  =  w  e 
o 


0  <  x  <  “> 
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{w,w'  }  -»  finite 


18.  The  general  solution  of  Equation  10  is 


w(r)  =  A  K  (ur)  +  A  I  far) 
1  o  r  o 


(11  bis) 


because  of  the  regularity  condition  (Equation  29),  A^  =  0  .  Substituting  the 

above  expression  into  the  boundary  condition  (Equation  28),  we  obtain 

A,  =  w  /K  (ora)  .  Thus, 

Iso 


w(r)  =  w 


K  (nr) 
o _ 

s  K  (aa) 
o 


a  <  r  <  oo 


The  expression  for  the  contact  pressure  is 


p(r)  =  k  w^  =  constant  0  <  r  <  a 


since  under  the  rigid  plate  dw/dr  =  0  .  Because  of  the  radial  slope  discon¬ 
tinuity  in  the  shearing  layer  across  r  =  a  ,  there  appears  to  be  a  concen¬ 
trated  line  reaction  force  R  along  the  free  edge  of  plate.  Considering  the 
vertical  equilibrium  of  the  shearing  layer  in  the  vicinity  of  R  we  obtain 

R  =  -G  (32) 


Noting  that 


dK  (or) 


=  -ctK  (orr) 


it  follows  that 


_  K  (aa) 

R  =  Ws  'I™  iTF^T 


"  "s  y K  (aa) 
o 

19.  The  relation  between  w  and  P  is  obtained  from  the  vertical 

s 


equilibrium  of  the  circular  plate.  It  is 


P  -  2naR  -  7ia  k  w  =0 
s 


Solving  it  for  w  ,  and  noting  Equation  34,  we  obtain 


and  the  concentrated  reactions  along  the  free  edges  are 

R  =  VkG"  w  =  - - - -  P  (26) 

S  2(1  +\k/G  L) 

Note  that  concentrated  reactions  R  in  Figure  10  represent  in  an  actual 
continuum  base  a  strong  increase  of  the  reaction  pressure  at  the  free  ends,  as 
shown  by  the  dashed  line. 

"Rigid"  Circular  Plate;  Centrally  Loaded 

16.  The  next  consideration  is  a  "rigid"  circular  plate  being  subjected 
to  a  central  load  P  ,  as  shown 

in  Figure  1 1 . 

17.  The  deformed  state 
and  the  notation  used  are  shown 


in  Figure  12.  Under  the  plate, 
0  <  r  <  a  , 


w  =  w  =  constant 
s 


Since  the  problem  is  rotationally 
symmetrical,  outside  the  plate 
region  the  unloaded  foundation 
is  governed  by  the  differential 
equation 


2  d  w  ,  dw 

r  7*  ^ 

dr 


Figure  11 


2  2 

a  r  w  =  0 


(10  bis) 


in  a  <  r  <  00  ,  the  boundary 


condition 


w(a)  =  w 


and  the  regularity  condition 


Figure  12 


Because  of  symmetry,  it  is  sufficient  to  consider  only  one  side.  The  solution 
for  the  above  boundary  value  problem  is 

-(VV 

w(x)  =  wge  0  <  x  <  oo  (20) 

14.  For  design  purposes,  the  pressure  distribution  under  the  strip  is 

2  2 

of  interest.  Since  w(£)  =  constant  ,  it  follows  that  d  w/d£  s  0  and  thus 

p 

p(£)  =  k  wg  =  constant  (21) 

in  -L  <  4  £  L  •  Because  of  the  slope 
discontinuity  along  the  free  edges  of  the 
strip,  at  4  =  ±L  ,  there  occur  concen¬ 
trated  reaction  forces  R  ,  as  shown  in 

r-  Figure  10. 

Figure  10  ° 

15.  Considering  the  vertical 

equilibrium  of  the  shearing  layer  in  the  vicinity  of  R  ,  we  obtain 

R  =  -G  w'  (0)  (22) 

-ax 

Noting  that  w(x)  =  wge  ,  it  follows  that 

R  =  VkG  w  (23) 

s 

Th°  relation  between  w^  and  P  is  obtained  by  considering  the  vertical 
equilibrium  of  the  strip  (Figure  10)  per  unit  length  of  strip  axis.  It  is 
P  -  2R  -  k  wg  2L  =  0  .  Noting  Equation  23,  it  yields 

w=  =  — 7— ~ - \  (24) 

2  (  VkG  +  kL ) 

Thus,  in  terms  of  P  ,  the  reaction  pressure  in  -L  <  £  <  L  is 


%  _ 


P(£)  =  k  Wg  = 


(yjo/k  +  l) 


(25) 


Long  Strip  Subjected  to  a  Uniform  Load  and  Boundary  Forces 


44-  In  designing  dock 

_ SL_oi  /  structures  and  navigation  locks, 

yi  1  structures  as  shown  in  Figure  25 

y^V  /  are  encountered. 


Figure  25 


\  '  ' W/////////////////777/77M  ]  45'  0ne  approach  for 

\  ©  •  •  .  ®  /  analyzing  structures  of  this 

•  '  •  ■  '  •  '  ■  '  '  ^  type  is  to  estimate  the  largest 

pressures  that  can  be  expected 
Figure  25  on  the  finished  walls,  subject 

the  structures  to  a  variety  of  these  anticipated  loads,  then  analyze. 

46.  In  the  past,  the  Winkler  foundation  was  used  to  represent  the  re¬ 
sponse  of  the  base.  A  major  shortcoming  of  this  model  is  that  it  does  not 
correctly  represent  the  vertical  pressures  near  the  edges  (T)  and  (?)»  thus, 
the  resulting  bending  moments  in  the  floor  plate  may  strongly  deviate  from 
the  actual  ones. 

47.  To  eliminate  part  of  this  shortcoming,  it  is  suggested  that  the 
Pasternak  foundation  be  used  rather  than  the  Winkler.  The  corresponding  model 
of  the  structure  to  be  analyzed  is  shown  in  Figure  26. 

48.  Since  the  pressures 
and  the  wall  weights  are  as¬ 
sumed  to  be  known,  the  problem 
reduces  to  the  analysis  of  the 
structure  shown  in  Figure  27. 
Note  that  the  problem  is  simi¬ 
lar  to  the  one  shown  in  Fig- 
ure  8,  except  that  in  Fig- 

Figure  26 

ure  27,  the  floor  plate  is 
flexible . 


Figure  26 


49.  Noting  that  w^  =  w^(x)  and  w^  =  w^CO  ,  and  utilizing  symmetry, 
we  can  formulate  this  problem  by  use  of  the  differential  equations 


Gw,  +  kw,  =  q 
1  1  o 

Gw"  +  kw„  =  0 


0  <  x  <  L 


0  <  1  < 


Figure  27 


the  boundary  conditions 

Wj  (0)  =  0  ;  w'j"  (0)  =  0 

Wj(L)  =  w2(0) 

Dw'jCL)  =  M 

-Dw^1  (L)  +  cjw'jCL) 

and  the  regularity  conditions 

lim  {w  ,w'  }  ■*  finite 

x-x» 

The  general  solution  is 

Wj(x)  =  cos  px  cosh  kx  +  A2  cos  px  sinh  kx 

+  A  sin  px  cosh  Kx  +  A,  sin  px  sinh  Kx  + 


for  G  <  2  -JkD  . 

50.  Note  that  in  the  above  formulation  the  axial  compression  forces  N 
in  the  floor  plate  are  neglected  in  the  determination  of  p(x)  and  M(x)  . 
They  may  be  easily  included,  however,  by  replacing  G  by  (G  -  N^)  in  the 
first  equation  of  Equation  87  and  in  Equation  92',  and  by  the  corresponding 
modification  of  the  third  equation  in  Equation  89. 

51.  From  the  boundary  conditions  in  Equation  88  it  follows  that 

=  0  .  From  the  regularity  condition,  Equation  90,  it  follows  that 

A_  =  0  .  The  remaining  three  constants  A, ,  A. ,  A,  are  determined  from  the 
5  14  6 

three  boundary  conditions  in  Equation  89. 

52.  The  corresponding  pressure  distribution  is 


p(x)  =  kwt  -  Gw” 


=  qQ  +  k  I  (A j  cos  px  cosh  Kx)  +  (A^  sin  px  sinh  kx) 

r  2  2  ~\ 

-  G  I (k  -  p  )  Aj  +  2xp  A^  cos  px  cosh  Kx 

-  G  [(K2  -  P2)  A4  -  2KP  aJ  sin  px  sinh  Kx 


The  reactions  along  the  edges  are 


R  =  G  ^w^(L)  -  w'(0)]=  G  ^(kA^  -  pA^)  sin  pL  cosh  kL 

+  (pA^  +  kAj)  cos  pL  sinh  kL  +  A^aJ 


and  the  bending  moments  in  the  floor  plate  are 


M(x)  =  -Dw'j1  (x) 


cosh  KX 


=  -D  |  "  p2)  Aj  +  2Kp  AJ  cos  px 

+  |"(k2  -  p2)  A.  -  2pK  A  1  sin  px  sinh  Kx  ( 


(93 


(94; 


(95 
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